Abstract. The polar decomposition of a square matrix has been generalized by several authors to scalar products on R n or C n given by a bilinear or sesquilinear form. Previous work has focused mainly on the case of square matrices, sometimes with the assumption of a Hermitian scalar product. We introduce the canonical generalized polar decomposition A = W S, defined for general m × n matrices A, where W is a partial (M, N )-isometry and S is N -selfadjoint with nonzero eigenvalues lying in the open right half-plane, and the nonsingular matrices M and N define scalar products on C m and C n , respectively. We derive conditions under which a unique decomposition exists and show how to compute the decomposition by matrix iterations. Our treatment derives and exploits key properties of (M, N )-partial isometries and orthosymmetric pairs of scalar products, and also employs an appropriate generalized Moore-Penrose pseudoinverse. We relate commutativity of the factors in the canonical generalized polar decomposition to an appropriate definition of normality. We also consider a related generalized polar decomposition A = W S, defined only for square matrices A and in which W is an automorphism; we analyze its existence and the uniqueness of the selfadjoint factor when A is singular.
1. Introduction. The polar decomposition is a much-studied matrix decomposition, from the points of view of both theory and computation. Depending on the matrix dimensions and the uniqueness required of the factors, it exists in several forms, of which we identify two. The first, defined for A ∈ K m×n with the restriction m ≥ n, is described in the following theorem, where it is characterized in terms of the singular value decomposition (SVD). Here, K denotes the field R or C, and for a matrix A ∈ C n×n having no eigenvalues on R − , the closed negative real axis, we denote by A 1/2 the principal square root, which is the unique square root all of whose eigenvalues lie in the open right half-plane [10, Sec. 1.7] . Theorem 1.1 (polar decomposition [10, Thm. 8.1]). For any A ∈ K m×n with m ≥ n there exists a matrix U ∈ K m×n with orthonormal columns and a unique Hermitian positive semidefinite matrix H ∈ K n×n such that A = U H. The matrix H is given by (A * A) 1/2 . All possible U are given by U = P I r 0 0 W Q * , (1.1)
where A = P Σr 0 0 0m−r,n−r Q * is an SVD, r = rank(A), and W ∈ K (m−r)×(n−r) is arbitrary subject to having orthonormal columns. The decomposition in Theorem 1.1 is unique if and only if A has full rank. The decomposition finds use in many applications, which often exploit the fact that U is a nearest matrix to A with orthonormal columns for any unitarily invariant norm [5] , [10, Thm. 8.4 ]. An alternative decomposition, termed the canonical polar decomposition in [10] , can be defined for all m and n in such a way that it is always unique. Recall that a matrix U ∈ K m×n is a partial isometry if U x 2 = x 2 for all x ∈ range(U * ), or equivalently, if U + = U * , where U + denotes the Moore-Penrose pseudoinverse. Theorem 1.2 (canonical polar decomposition [10, Thm. 8.3] ). Any A ∈ K m×n has a unique decomposition A = U H with U ∈ K m×n a partial isometry, H ∈ K n×n Hermitian positive semidefinite, and range(U * ) = range(H). The factors U and H are given by H = (A * Our interest in this work is in a generalized polar decomposition A = W S introduced for nonsingular square matrices by Higham, Mackey, Mackey, and Tisseur [12] in which W is an automorphism and S is selfadjoint with spectrum in the open right half-plane, where both properties are defined with respect to a general scalar product. Conditions that are both necessary and sufficient for the existence of this decomposition are identified in [12] . We investigate the following questions.
• What can be said about the existence and uniqueness of the generalized polar decomposition for (square) singular matrices, where S is now allowed to have zero eigenvalues? • Can the canonical polar decomposition be extended to general scalar products, still for arbitrary rectangular matrices? • Are there matrix iterations for computing the canonical polar decomposition, when the decomposition is unique? We begin in section 2 by introducing the scalar product and associated terminology. We define the generalized polar decomposition A = W S for an arbitrary square matrix A and obtain necessary conditions for a singular matrix to have such a decomposition, as well as necessary and sufficient conditions for a decomposition to exist with a unique selfadjoint factor S when the scalar product is orthosymmetric. The W factor is shown never to be unique in the singular case.
In section 3 we turn to rectangular matrices and define the canonical generalized polar decomposition A = W S, in which W is now a partial (M, N )-isometry, where M and N define the underlying scalar products. Under the assumption that the matrices M and N form what we call an orthosymmetric pair, we identify conditions under which the canonical generalized polar decomposition is unique. Our development makes use of an (M, N )-Moore-Penrose pseudoinverse A † and yields several useful relations that hold for orthosymmetric pairs, such as A = W S ⇒ A † = S † W † , which is a direct generalization of a relation in Theorem 1.2. In section 4 we obtain conditions for commutativity of the factors in the canonical generalized polar decomposition (assumed unique) in terms of an appropriate definition of normality, thereby generalizing the well-known fact that the usual polar factors commute if and only A is normal. Computation of the canonical generalized polar decomposition by matrix iterations is considered in section 5, where we exploit a connection with the matrix sign function. Conclusions are given in section 6.
Aside from its theoretical interest this work has practical applications. Polar decompositions in scalar product spaces defined by indefinite Hermitian matrices enable the solution of corresponding Procrustes problems, as shown by Kintzel [17] . More-over, a (canonical) generalized polar decomposition A = W S along with a method for computing it provides a way of computing random automorphisms or partial isometries W from random A, as well as a means of "orthogonalizing" a matrix that has lost its property of being an automorphism or partial isometry, as discussed in [9] in the case of J-orthogonality.
Finally, we note some additional connections with earlier work. Kamaraj and Sivakumar [14] explore a generalization of the Moore-Penrose inverse to indefinite scalar product spaces; it is formally the same as our definition but throughout [14] the matrices of the inner product are assumed to be Hermitian. Yang and Li [22] explore a certain weighted generalized polar decomposition of rectangular matrices. It is defined only with respect to positive definite scalar products and does not reduce to our canonical generalized polar decomposition; in particular the definition of "(M, N ) weighted partial isometry" of [22] is different from our notion of partial (M, N ) isometry when M or N is indefinite. In [1] , [3] , and [20] necessary and sufficient conditions are given for the existence of decompositions of the form A = W S, where W is an automorphism and S is selfadjoint with respect to a Hermitian sesquilinear form. These decompositions do not impose any restrictions on the spectrum of S. The decompositions that we study do constrain the spectrum of S but are less restrictive on the scalar product, essentially requiring only orthosymmetry.
2. Generalized polar decompositions. Consider a scalar product on K n defined in terms of a nonsingular matrix M by With respect to this scalar product the following terminology is defined. The adjoint A ⋆ of A ∈ K n×n is the unique matrix satisfying Ax, y M = x, A ⋆ y M for all x, y ∈ K n , and is given by
The matrix A ∈ K n×n is an automorphism if A ⋆ = A −1 and is selfadjoint if A ⋆ = A. All the results in this paper hold for both bilinear forms and sesquilinear forms. We will give the proofs only for sesquilinear forms and will comment on the differences (if any) in the proofs for bilinear case.
Higham, Mackey, and Tisseur [12, Sec. 4] define the generalized polar decomposition of a matrix A ∈ K n×n to be a decomposition A = W S, where W is an automorphism with respect to ·, · M and S is selfadjoint with spectrum contained in the open right half-plane. Clearly, such an S is nonsingular and thus A must be nonsingular in order to have a generalized polar decomposition. We now extend the notion of generalized polar decomposition to include singular matrices.
Throughout this section it is understood that the scalar product is (2.1). When we need to indicate the choice of M we will write "M -generalized polar decomposition" or A ⋆M . Definition 2.1 (generalized polar decomposition). Given a scalar product on K n , a generalized polar decomposition of A ∈ K n×n is a decomposition A = W S, where W is an automorphism and S is a selfadjoint matrix whose nonzero eigenvalues are contained in the open right half-plane, that is, W ⋆ = W −1 , S ⋆ = S, and Λ(S) ⊆ {z ∈ C : Re(z) > 0} ∪ {0}.
For the standard Euclidean scalar product x, y = x * y, the generalized polar decomposition is the usual polar decomposition A = U H, where U is unitary and H Hermitian positive semidefinite.
Existence and uniqueness of the generalized polar decomposition for nonsingular matrices is answered by the following result of Higham, Mackey, and Tisseur [12, Thm. 4 .1] (see also [18, Thm. 6.2] ).
Theorem 2.2 (generalized polar decomposition of nonsingular matrices). A nonsingular matrix A ∈ K n×n has a generalized polar decomposition A = W S with respect to a scalar product on K n if and only if (A ⋆ ) ⋆ = A and A ⋆ A has no eigenvalues on R − . When such a factorization exists it is unique. For the singular case the situation is more complicated. We begin by deriving three necessary conditions for existence.
Theorem 2.3. If A ∈ K n×n has a generalized polar decomposition A = W S with respect to a scalar product on K n , then (A ⋆ ) ⋆ = A, A ⋆ A has no negative real eigenvalues, and S is a square root of A ⋆ A.
Proof. If the factorization exists then (
The other conditions follow from A ⋆ A = S ⋆ W ⋆ W S = S 2 and the spectral properties of S.
The first condition in Theorem 2.3 is satisfied if we restrict attention to the orthosymmetric scalar products introduced by Mackey, Mackey, and Tisseur [18] , [19] , which are those for which (A ⋆ ) ⋆ = A for all A ∈ K m×m , that is, for which the adjoint is involutory. Many of the commonly used scalar products are orthosymmetric [18, 
are two generalized polar decompositions of A with different selfadjoint factors.
We now develop conditions for the existence of a generalized polar decomposition with a unique selfadjoint factor. The following lemmas will be exploited below.
Lemma 2.5. For any selfadjoint S ∈ K n×n with respect to a scalar product ·, · M on K n there exists a nonsingular matrix X ∈ K n×n such that
where the partitionings are conformal and S 1 is nonsingular, S 0 is nilpotent, and X # = X T in the case of a bilinear form or X # = X * in the case of a sesquilinear form.
Proof. Let X ∈ K n×n be such that
is in Jordan canonical form (real Jordan canonical form when K = R) with S 1 nonsingular and S 0 nilpotent. For sesquilinear forms let
where M 1 has the same size as
The fact that the Sylvester equation AY = Y B has only the trivial solution Y = 0 if the spectra of A and B do not intersect implies that M 2 = 0 and M 3 = 0.
The proof for bilinear forms is analogous with conjugate transpose replaced by transpose.
The next lemma is a special case of Lemma 3.8 below (with M = N ), so we omit the proof.
Lemma 2.6. For a given scalar product ·, · M on K n and a matrix A ∈ K n×n there exists a nonsingular matrix X ∈ K n×n such that
where the partitionings are conformal, A 1 is nonsingular, A 0 is nilpotent, and X # = X T in the case of a bilinear form or X # = X * in the case of a sesquilinear form.
The following result gives necessary and sufficient conditions for the existence of a generalized polar decomposition with a unique selfadjoint polar factor in the case of an orthosymmetric scalar product.
Theorem 2.7 (generalized polar decomposition with unique selfadjoint factor). Given an orthosymmetric scalar product ·, · M on K n , A ∈ K n×n has a generalized polar decomposition A = W S with unique selfadjoint factor S if and only if (a) A ⋆ A has no negative real eigenvalues, (b) if zero is an eigenvalue of A ⋆ A then it is semisimple, and (c) ker(A ⋆ A) = ker(A).
Proof. By Lemma 2.6 we can assume without loss of generality that
where 
Then it is easily verified that A = W S and that W is an automorphism and S is selfadjoint. As S 0 is nilpotent, S and S have the same spectrum. Hence A = W S is another generalized polar decomposition of A. Then the uniqueness of the selfadjoint polar factor implies S = S and thus S 0 = 0. Finally, we have ker(A ⋆ A) = ker(S) = ker(A).
(⇐) From the semisimplicity of any eigenvalue zero of A ⋆ A, we have B 0 = 0 in (2.5). From the condition ker(A ⋆ A) = ker(A) we obtain that A has the form A = A1 A2 0 0 , where
Then S is M -selfadjoint, the nonzero eigenvalues of S lie in the open right half-plane, and A ⋆ A = S 2 . Moreover A = W 0 S and .8) i.e., W 0 preserves the scalar product on the subspace range S of K n . Let W 0 : range S → range A denote the restriction of the linear map W 0 : K n → K n to range S. Then W 0 is bijective and because of (2.8) It remains to show that the selfadjoint polar factor is unique. To this end, let A = W S be a second generalized polar decomposition. Then A ⋆ A = S 2 and ker( S) = ker(A) = ker(A ⋆ A), so S has the form
where S 1 ∈ C k×k . Then
, and the spectral requirements on S 1 imply S 1 = B 1/2 1 = S 1 , and then S 2 = 0 since S 1 is nonsingular. Hence S = S, as required.
For the matrix A in (2.4) with nonunique generalized polar decomposition for M in (2.3), A ⋆ A = 0, so conditions (a) and (b) of Theorem 2.7 are satisfied but condition (c) is not.
The proof of Theorem 2.7 shows that W is never unique when A is singular (since W = W in (2.6), as W is nonsingular). In the next section we develop a generalized polar decomposition in which both factors are unique under reasonable assumptions and which is defined for rectangular matrices of arbitrary shape.
3. The canonical generalized polar decomposition. We now consider rectangular matrices. Throughout this section we assume that K m and K n are equipped with scalar products induced by the nonsingular matrices M ∈ K m×m and N ∈ K n×n , respectively. For a matrix A ∈ K m×n the (M, N )-adjoint of A is defined to be the unique matrix A ⋆M,N ∈ K n×m satisfying the identity Note that
As a general rule, the adjoint of a product is the product in reverse order of the adjoints of the factors, where the relevant adjoint is determined by the dimensions of the factor. Definition 3.1. For a matrix A ∈ K m×n an (M, N )-Moore-Penrose pseudoinverse of A is a matrix X ∈ K n×m satisfying the conditions
The pseudoinverse is denoted by A † . 
For the rest of this section we need to restrict the scalar products. We need orthosymmetry of ·, · M and ·, · N together with an appropriate connection between them, which is formulated in the next definition.
Definition 3.2. The nonsingular matrices M ∈ K m×m and N ∈ K n×n form an orthosymmetric pair if (a) for bilinear forms,
or (b) for sesquilinear forms,
(or, equivalently, M = βG, N = βH, where β ∈ C, |β| = 1 and G and H are Hermitian).
Under the orthosymmetry assumption some useful relations hold for the adjoint. Lemma 3.3. Let A ∈ K m×n and let M ∈ K m×m and N ∈ K n×n form an orthosymmetric pair. Then Proof. For sesquilinear forms, we have, using (3.3),
The proof for bilinear forms follows along the same lines.
We need the following generalization of partial isometry, which reduces to the usual partial isometry when M = I and N = I. 
and thus, (iii) and (iv) are satisfied. Moreover, W W ⋆M,N W = W (which is (i)) is satisfied by assumption and (ii) follows from
Finally, assume that W is a partial (M, N )-isometry and let x, y ∈ range(W ⋆M,N ). Since W ⋆M,N = N −1 W * M and thus range(W ⋆M,N ) = range(N −1 W * ) this is equivalent to the existence of vectors z x , z y such that x = N −1 W * z x and y = N −1 W * z y . Then we have
The case of bilinear forms is analogous. At this point, one may be tempted to define also a (non-canonical) generalized polar decomposition of A ∈ K m×n , by analogy to the case for the standard Euclidean inner product, to be a decomposition A = W S, where S ∈ K n×n is N -selfadjoint and W ∈ K m×n satisfies W ⋆M,N W = I n if m ≥ n or W W ⋆M,N = I m if m < n. However, depending on M and N , such matrices W need not exist, irrespective of A. For example, let K = C and
Then there is no matrix W satisfying
Sylvester's law of inertia, so the intended decomposition does not exist for any A. The following lemma gives necessary conditions for the existence of canonical generalized polar decompositions.
Lemma 3.7. Let M ∈ K m×m and N ∈ K n×n form an orthosymmetric pair. If A ∈ K m×n has the canonical generalized polar decomposition A = W S then A ⋆M,N A has no negative real eigenvalues, S is a square root of A ⋆ M,N A, and W ⋆M,N W S = S. The proof of our main theorem on the existence of a unique canonical generalized polar decomposition makes use of the following block diagonalization.
Lemma 3.8. Let A ∈ K m×n and let M ∈ K m×m and N ∈ K n×n form an orthosymmetric pair. Then there exist nonsingular X ∈ K m×m and Y ∈ K n×n such that
where A 1 is nonsingular and A 0 is nilpotent, A 1 , M 1 , and N 1 have the same dimensions, and # denotes transpose for a bilinear form or conjugate transpose for a sesquilinear form. Moreover, if A = W S where W ∈ K m×n and S ∈ K n×n and N ) -isometry if and only if W is a partial M , N -isometry and S is N -selfadjoint if and only if S is N -selfadjoint.
Proof. By Lemma 3.3, A ⋆M,N A ∈ K n×n is N -selfadjoint, so by Lemma 2.5 there exists a nonsingular Y ∈ K n×n such that
where A 1 is nonsingular and A 0 is nilpotent. For sesquilinear forms, since M is a normal matrix we can choose a nonsingular matrix X ∈ K m×m such that
(indeed we can achieve a diagonal M ), with M 1 of the same dimensions as A 1 and N 1 . We have
The last part of the lemma is straightforward to verify. Note that the decomposition (3.5) still holds with * replaced by T for orthosymmetric bilinear forms on . In the latter case the matrix N is skewsymmetric as well and it must be of even dimension since it is nonsingular; also, as A ⋆ M , N A is N -selfadjoint it has an even number of zero eigenvalues [18, Prop. 7.7] so that A 1 has even dimension. Hence for orthosymmetric bilinear forms there exists a nonsingular matrix X such that (3.5) holds with * replaced by T . Proof. By Lemma 3.8 we can assume that
where B 1 is nonsingular, B 1 , M 1 , N 1 ∈ K k×k for some k ≤ n, and B 0 is nilpotent. First, we consider the "if" part, so we assume that conditions (a)-(c) are satisfied. From (b) we have B 0 = 0 and (c) implies that A has the form
where A 1 ∈ K k×k . For sesquilinear forms a simple computation yields
Lemma 3.3 shows that A ⋆M,N A is N -selfadjoint, and it follows that B 1 is N 1 -selfadjoint. Let S 1 = B 1/2 1 . Then S 1 is easily shown to be N 1 -selfadjoint (cf. (2.7) ). Define
Then S is N -selfadjoint with nonzero eigenvalues in the open right half-plane, A = W S, and 
To prove uniqueness of the decomposition just established, let A = W S be another decomposition, where W is a partial (M, N )-isometry, S is N -selfadjoint with nonzero spectrum in the open right half-plane, and range( W ⋆ M,N ) = range( S). First, we show that ker(A) = ker( S). Clearly, the identity A = W S implies ker( S) ⊆ ker(A). For the other inclusion, let x ∈ ker(A). Then, using (3.4), 0 = W ⋆ M,N Ax = W ⋆ M,N W Sx = Sx, so x ∈ ker( S), giving ker(A) ⊆ ker( S). Therefore ker(A) = ker( S). Hence S has the form
where S 1 ∈ C k×k . Then, using Lemma 3.7,
and the spectral requirements on S 1 imply that S 1 = B 1/2 1 = S 1 , and then S 2 = 0 since S 1 is nonsingular. So S = S. Let W be partitioned conformably with S, that is,
where W 1 ∈ C k×k . Then range( W ⋆ M,N ) = range( S) implies W 2 = 0 and W 4 = 0. Moreover, we obtain from the identity
1 , and hence W = W , which concludes the proof of the uniqueness of the decomposition.
For the "only if" direction, suppose A = W S is a unique canonical generalized polar decomposition. Since S 2 = A ⋆M,N A by Lemma 3.7, S is a square root of A ⋆M,N A, commutes with A ⋆M,N A, and thus must have the form
where S 
Then it is easily verified that A = W S, W is a partial (M, N )-isometry, S is Nselfadjoint, and range( S) = range( W ⋆ ). As S 0 is nilpotent, S and S have the same spectrum. Hence A = W S is another canonical generalized polar decomposition. Then the uniqueness of the decomposition implies S = S and thus S 0 = 0. From A ⋆M,N A = S 2 it then follows that if zero is an eigenvalue of A ⋆M,N A then it is semisimple. Moreover, we have ker(A ⋆M,N A) = ker(S) = ker(A), where the latter equality follows from the argument given in the first part of the proof.
The next result shows that an analogue of the formula A + = H + U + in Theorem 1.2 holds for the canonical generalized polar decomposition, provided that the decomposition is unique.
Lemma 3.10. Let M ∈ K m×m and N ∈ K n×n form an orthosymmetric pair. If A ∈ C m×n has the unique canonical generalized polar decomposition A = W S then A and S have (M, N )-Moore-Penrose pseudoinverses A † and S † , respectively, which satisfy
By the proof of Theorem 3.9, we may assume that S and N have the forms
where S 1 , N 1 ∈ K k×k and where S 1 is nonsingular. Then it is easy to check that
4. M -normal matrices. A matrix A ∈ C n×n is called M -normal with respect to a scalar product ·, · M if A ⋆ A = AA ⋆ . It is well known that in the case of the Euclidean scalar product a matrix is normal if and only if its polar factors commute [6] . For a scalar product ·, · M with Hermitian M , it is shown by Mehl, Ran, and Rodman [20, Thm. 10] that A ∈ C n×n allows a generalized polar decomposition A = W S with commuting factors (here, no restrictions on the spectrum of S are imposed) if and only if A is M -normal and ker(A) = ker(A ⋆ ). The following result shows that an analogous statement is true for our canonical generalized polar decomposition provided that the decomposition is unique.
Theorem 4.1. Let A ∈ C n×n have a unique canonical generalized polar decomposition A = W S with respect to an orthosymmetric scalar product ·, · M . Then the following statements are equivalent:
If (a) or (b) (and thus both) are satisfied then, in addition, ker(A) = ker(A ⋆ ). Proof. By Lemma 3.8 and the proof of Theorem 3.9 we may assume that
where B 1 is nonsingular, the partitionings are conformal, [A * 1 A * 2 ] has full rank, and
1 . In particular, S 1 is a polynomial in B 1 [10, Thm. 1.29] . We now show the equivalence of the two statements.
(a) ⇒ (b): As A is M -normal, we have 
Now A 1 commutes with B 1 , because
Thus, as S 1 is a polynomial in B 1 , A 1 also commutes with S 1 which implies
Since W and S commute, we obtain that 
, which means that A 1 is M 1 -normal.
Computational considerations.
Much work has been done on computing the polar decomposition (see, for example, [4] , [7] , [15] ) and more recently attention has been given to generalized polar decompositions [9] , [12] and exploiting matrix automorphism group structure [11] . Here, we briefly consider computation of the canonical generalized polar decomposition. We begin with a key connection between iterations for the matrix sign function and iterations for the canonical generalized polar decomposition. Recall that for a matrix A ∈ C n×n with no pure imaginary eigenvalues the sign function can be defined by sign(A) = A(A 2 ) −1/2 [8] , [16] . The following theorem generalizes [12, Thm. 4.6] . See [8] or [10, Chap. 5] for details on the matrix sign function and its relation to the polar decomposition.
Theorem 5.1. Let A ∈ K m×n have a unique canonical generalized polar decomposition A = W S and let M and N form an orthosymmetric pair. Let g be any scalar function of the form g(x) = xh(x 2 ) such that (a) the iteration X k+1 = g(X k ) converges to sign(X 0 ) with order of convergence p whenever sign(X 0 ) is defined, (b) g(0) = 0, (c) for sesquilinear forms, g(X ⋆N ) = g(X) ⋆N for all X ∈ C n×n in the domain of g.
Then the iteration
converges to W with order of convergence p.
Proof. By Lemma 3.8 and the proof of Theorem 3.9 we can assume that
where the eigenvalues of S 1 lie in the open right half-plane. Let X k+1 = g(X k ) with X 0 = S. By induction we easily obtain X k = diag(U k , 0), where U k+1 = g(U k ) and U 0 = S 1 ; the sequence {U k } is defined by assumption and condition (b) ensures that g(X k ) is defined. Thus X k → diag(sign(S 1 ), 0) = diag(I, 0) with order of convergence p by (a). Moreover, X k is N -selfadjoint for all k by (c). Next, we prove by induction that Y k = W X k . This is clearly true for k = 0. Assume it is true for k. Now X k is a function of S, and hence a polynomial in S, and since g(0) = 0 the polynomial has zero constant term. It follows that range(X k ) ⊆ range(S) = range(W ⋆ M,N ). Inspection of the proof of (3.4) shows that this identity requires only range(S) ⊆ range(W ⋆M,N ). Hence W ⋆M,N W X k = X k and it follows, using (c), that We examine three cases.
(a) α = 2, β = 0: A ⋆M,N A has only zero eigenvalues, occurring in two Jordan blocks of size 2, and dim(ker(A)) = 1 < 2 = dim(ker(A ⋆M,N A)), so conditions (b) and (c) in Theorem 3.9 are violated. Iteration (5.3) does not converge. In fact, A does not have a canonical generalized polar decomposition. Indeed, if A = W S were to be such a decomposition then S would satisfy ker(A) = ker(S). Now a straightforward calculation shows that any matrix satisfying S T M = M S and ker(S) = ker(A) must be of the form Such matrices S, however, have rank at most two while A has rank three, so there does not exist any M -selfadjoint matrix with ker(A) = ker(S).
(b) α = 3, β = 2: A ⋆M,N A has spectrum {3, 3, 0, 0} with semisimple zero eigenvalue, and dim(ker(A)) = 1 < 2 = dim(ker(A ⋆M,N A)). Condition (c) in Theorem 3.9 is violated and iteration (5.1) does not converge. The same argument as in the previous case shows that A does not have a canonical generalized polar decomposition.
(c) α = 3, β = 1: A ⋆M,N A has spectrum {2, 2, 0, 0} with semisimple zero eigenvalue, and dim(ker(A)) = 2 = dim(ker (A ⋆M,N A) ), so Theorem 3.9 ensures the existence of a unique canonical generalized polar decomposition A = W S, where the factors can be shown to be Iteration (5.3) produces iterates with relative differences X k −X k−1 1 / X k 1 equal to 5.00e-1, 5.56e-2, 1.73e-3, 1.50e-6, 1.13e-12, 1.05e-16, at which point it has converged to the working precision in the MATLAB environment used, for which the unit roundoff u = 2 −53 ≈ 1.1 × 10 −16 . The expected quadratic convergence is evident. The conditions (3.2) are all found to be satisfied to working precision by the computed W , thus verifying that W ⋆M,N is a partial (M, N )-isometry (see Theorem 3.5), the computed S is N -selfadjoint to working precision, and the relative residual A − W S 1 / A 1 is also of order the working precision.
For the second example,
